The statistical dynamics of midocean eddies, generated by baroclinic instability of a zonal mean flow, are studied in the context of homogeneous stratified quasigeostrophic turbulence. Existing theory for eddy scales and energies in fully developed turbulence is generalized and applied to a system with surface-intensified stratification and arbitrary zonal shear. The theory gives a scaling for the magnitude of the eddy potential vorticity flux, and its (momentum conserving) vertical structure. The theory is tested numerically by varying the magnitude and mode of the mean shear, the Coriolis gradient, and scale thickness of the stratification and found to be partially successful. It is found that the dynamics of energy in high (m Ͼ 1) baroclinic modes typically resembles the turbulent diffusion of a passive scalar, regardless of the stratification profile, although energy in the first mode does not. It is also found that surface-intensified stratification affects the baroclinicity of flow: as thermocline thickness is decreased, the (statistically equilibrated) baroclinic energy levels remain nearly constant but the statistically equilibrated level of barotropic eddy energy falls. Eddy statistics are found to be relatively insensitive to the magnitude of linear bottom drag in the small drag limit. The theory for the magnitude and structure of the eddy potential vorticity flux is tested against a 15-layer simulation using profiles of density and shear representative of those found in the mid North Atlantic; the theory shows good skill in representing the vertical structure of the flux, and so might serve as the basis for a parameterization of eddy fluxes in the midocean. Finally, baroclinic kinetic energy is found to concentrate near the deformation scale. To the degree that surface motions represent baroclinic eddy kinetic energy, the present results are consistent with the observed correlation between surface eddy scales and the first radius of deformation.
Introduction
Midocean eddies are largely maintained by baroclinic instability, as are their tropospheric counterparts. However, the environment in which such eddies grow and decay is different in the two media. In the atmosphere the scale of the eddies is comparable to the scale of the mean flow itself, and the eddies have a first-order feedback on that mean flow, effecting a significant fraction of the poleward heat transport and substantially reducing the shear of the zonal flow from that of an atmosphere without eddies. By contrast, in the ocean the deformation radius is of order 100 km, at least an order of magnitude smaller than the major ocean basins. Furthermore, and perhaps of greater qualitative import, in the troposphere the profile of static stability (N 2 ) is roughly constant with height, whereas in the ocean N 2 varies by over an order of magnitude, primarily because of the presence of the main thermocline in the upper 1000 m of the ocean. For these reasons we may expect at least quantitative, and possibly qualitative, differenc-pation. In the ocean both the scale separation between the deformation scale and the basin scale, and the dominance of eddy energy over the energy in the mean flow, suggest that it may be fruitful to assume that the evolution of mesoscale eddies is determined by fully nonlinear dynamics, and this is the approach we follow. This paper is a sequel to Smith and Vallis (2001, hereafter SV) , who examined the effects of the background stratification and the Coriolis gradient (␤) on the life cycles of baroclinic eddies. One result of SV was that nonuniform stratification makes the transfer between baroclinic modes and the barotropic mode less direct and less efficient [consistent with the earlier analytical work of Fu and Flierl (1980) ], leading to the important consequence that significant energy is concentrated in the first baroclinic mode near the radius of deformation. In this paper we examine the forced-dissipated case and include forcing by the baroclinic instability of a zonal mean flow and dissipation by linear bottom drag. The primary questions that we seek to address are 1) Given the structure of the mean, baroclinically unstable, zonal flow, what are the scales and structure of the resulting, statistically equilibrated, mesoscale eddies? 2) What can one then say about the magnitude and vertical structure of the eddy potential vorticity flux implied by the presence of the eddy field?
Our goal is a ''mean field theory,'' which describes eddy energy levels and spatial scales as functions of the external parameters in the horizontally homogeneous limit with general, but fixed, mean stratification and zonal shear. We assume that the mean shear and stratification are primarily set by the large-scale wind-driven and thermohaline circulation and that, in steady-state, long-term eddy adjustments are included in that mean. That a mean field theory exists is suggested by the work by Larichev and Held (1995) , and Held and Larichev (1996, hereafter HL) , who devise a theory for eddy statistics in two (equal) layer, homogeneous quasigeostrophic dynamics. Subsequent numerical tests demonstrated some predictive skill for the bulk eddy quantities. Most notably, their results appear to demonstrate that such quantities follow distinct power law behavior with respect to the mean parameters: given how little is understood of the detailed interactions involved in turbulent flows, the dependencies of eddy quantities on mean flow characteristics might have been hopelessly complicated. Spall (2000) has recently presented some related simulations. Ours differ in that we consider the effects of nonuniform stratification and in the presence of a higher baroclinic modes. However, unlike Spall, we do not examine the effects of nonzonal flow.
The paper is structured as follows. In section 2 we review the quasigeostrophic equations of motion and give their projection onto the vertical modes of the stratification. In section 3 we review the two-mode scaling theory of Held and Larichev (1996) , extending where appropriate to generalize the form of the eddy diffusivity and spectra of baroclinic energy. The ensuing theory is tested in section 4 via a set of numerical simulations in which flows are forced by zonal shears that project onto the first baroclinic mode-here we investigate the sensitivity of such flows to variations in the mean shear, the Coriolis gradient, the scale depth of the stratification, and the bottom drag. The theory is extended to systems with arbitrary shear in section 5. In section 6 we discuss a set of simulations in which the zonal shear projects onto a single higher baroclinic mode and finally consider an integration with relatively high vertical resolution (15 layers) whose modal projection is arbitrary. Some conclusions are provided in section 7. A brief synopsis of the mechanisms of cascade halting is covered in appendix A and some derivations of modal expansions of eddy generation and potential vorticity flux are presented in appendix B.
Quasigeostrophy: Modes and layers
The quasigeostrophic equations of motion in the presence of a mean zonal shear are Here N ϭ N(z) is the local buoyancy frequency, f is the local Coriolis frequency, and ␤ is its local meridional gradient. Our notation convention is that an overbar ( ) implies a horizontal spatial average, a prime (AЈ) A denotes a deviation from this average, and angle brackets (͗A͘ ϭ ) denote a root-mean-square (rms) value.
2 AЈ A tilde (Ã ) will also be used to a representative magnitude for scaling purposes.
One can project quasigeostrophic motion onto the neutral stratification modes, which are solutions of the eigenvalue problem (see, e.g., Hua and Haidvogel 1986) 
with the boundary conditions z (z ϭ 0, ϪH) ϭ 0 (i.e., a rigid lid and flat bottom). The eigenvalues are thus
the baroclinic deformation wavenumbers. The modes are orthogonal, and may be normalized so that
where the subscripts denote the mode numbers (m ϭ 0 for the barotropic mode, m ϭ 1 for the first baroclinic mode, etc.). Since the modes are complete, one may represent the vertical structure of the potential vorticity by an expansion in these modes and similarly for the streamfunction
For space-dependent variables, lowercase symbols will denote z-coordinate fields, while uppercase symbols denote the modal projection of a field-thus, ⌿ m is the modal projection of . Upon substitution into the quasigeostrophic equation of motion and integration over z, one arrives at the modal equation of motion for the fully stratified case
where D m represent dissipation terms and
is the forcing. The modal potential vorticity is 2 2
and modal horizontal velocities are
Note that ij0 ϭ ␦ ij and that ijm is symmetric with respect to permutations of its indices. Further selection rules for the interaction coefficient exist only in the case of a linear density profile (i.e., constant N 2 ).
Steady-state statistics in the two-mode case
The simplest baroclinic system is the two-layer model. This may be thought of as a crude representation of a realizable physical system, or as representing the two gravest vertical modes of the fully stratified system. Energy injected into higher vertical modes will cascade toward the graver modes, with no significant cascade toward higher vertical modes (Charney 1971) . Thus if the mean shear of a stratified flow projects primarily onto the first baroclinic mode, thereby generating predominantly first-mode baroclinic eddy energy, the higher vertical modes should play at most a catalytic role in the transfer of energy between the first baroclinic and barotropic modes-just as there is no significant energy flux toward horizontal scales smaller than the energy injection scale in two-dimensional turbulence, there is none toward smaller vertical scales in geostrophic turbulence. However, in two-dimensional turbulence the enstrophy cascade must be somewhat resolved in order to properly simulate the inverse cascade of energy, and similarly some higher vertical modes must be represented in order to properly represent the cascade toward the barotropic mode in geostrophic turbulence. Barnier et al. (1991) , for example, found a similar result in sixlayer simulations of a wind-driven gyre.
Let us consider the case in which only first-mode baroclinic energy is generated and ignore the contributions of higher modes. As in standard turbulence phenomenology we will assume that inertial ranges, with constant fluxes of energy, exist. The two-mode equations can be obtained by presuming no amplitude in modes m Ͼ 1, in which case (2.8) becomes
where D 0 and D 1 represent dissipation terms. While discussing the two-mode picture we shall write ϭ 1 , ϭ 1 , and ϭ 111 . Note that if ϭ ␤ ϭ 0, we U U recover Eqs. (4a,b) of Larichev and Held (1995) . Rhines (1977) and Salmon (1980) proposed (3.1) as a model of the baroclinic eddy cycle. In this picture, baroclinic eddy energy is generated by a baroclinically unstable mean state, and ultimately transferred via nonlinear interactions to large horizontal scale in the barotropic mode, where it is then dissipated by Ekman drag in the boundary layer. The transfer occurs as follows: in the limit of scales large compared to the radius of deformation, or wavenumber K K , and equal layer thicknesses, the baroclinic equation of motion (3.1b) can be approximated as the advection of a passive tracer by the barotropic flow, or , that is, baroclinic eddy available potential energy, is generated at large horizontal scale by an imposed large-scale mean gradient, Ϫ y, and cascades down-U scale toward the radius of deformation. These nonlinear baroclinic transfers stir the barotropic mode, effecting a conversion of baroclinic energy to barotropic kinetic energy, which then cascades upscale until halted by some competing process. Specifically, Rhines proposed that the barotropic cascade is halted by the ␤ effect. In steady state then, the baroclinic and barotropic dynamics are intertwined, with deformation scale transfers from the baroclinic mode stirring the barotropic mode, and the ensuing large-scale concentration of barotropic energy engendering large-scale eddy generation in the baroclinic mode.
Held and Larichev built upon the above picture to form a closed set of algebraic scaling equations for the rms barotropic eddy velocity ͗ ͘, the total eddy gen-VЈ 0 eration rate g, and the horizontal scale of barotropic eddies in terms of the external parameters , ␤,
and . We argue that this theory applies to the fully stratified case when the mean shear is predominantly first-baroclinic, with some caveats. In order to build upon HL, we summarize their arguments. It is assumed that 1) baroclinic transfers are localized near the deformation scale, 2) generation is localized near the energy containing scales, 3) dissipation occurs predominantly at large scale, 4) horizontal energy transfers are spectrally local, and 5) that K 0 K in steady state. Then at scales large compared to Ϫ1 , one expects a constant inverse barotropic spectral flux ⑀ 0 and a barotropic energy density spectrum 2/3 Ϫ5/3
where C 0 is the Kolmogorov constant for the barotropic flow. One also expects baroclinic available potential energy (which is approximately total energy at K K ) to have the spectrum of a passive tracer advected by the barotropic flow, or
where C 1 is the baroclinic Kolmogorov constant and ⑀ 1 is the baroclinic flux (Larichev and Held 1995) . It is further argued that the cascade is halted at the Rhines scale,
at which point nonlinear transfers can no longer proceed efficiently. The localizations of generation and transfer imply that the upscale barotropic and downscale baroclinic spectral fluxes, if constant in the inertial range, are also equal to one another, and further equal to the eddy generation rate g, hence at large scale in the gravest mode) and that the spectra for the barotropic velocity is strongly peaked at wave-
the rms value in the neighborhood of K 0 in the spectral sense. Further assume ͗ ͘ Ӎ ͗ ͘ so that
where we have defined Ṽ 0 ϵ ͗ ͘ and
only baroclinic velocities near the mixing length are important in the correlation, which determines the generation (3.7). Note that the presumption that eddy generation occurs at large horizontal scale (Larichev and Held 1995) is implicit in the scaling of the correlation term in (3.8).
One can relate the barotropic flux, and hence the generation rate, to the rms velocity by integrating the barotropic energy density (3.3). Specifically,
where ␣ ϵ (3C 0 ) 3/2 . Substitution of (3.9) and (3.8) into (3.6) yields
Substitution of the Rhines scale (3.5) into (3.8) and (3.10) then gives
The system is not closed since no estimate for the baroclinic eddy velocity V 1 has been suggested. Two arguments for this quantity are presented below.
a. Diffusion of potential vorticity
Assuming eddy potential vorticity is diffused down its mean gradient, one can write ‫ץ‬q ЈqЈ Ӎ ϪD , (3.12) ‫ץ‬y where D is the diffusivity. This is equivalent to assuming that rms baroclinic eddy velocities near the energy containing scale ( ) take on the value of the mean bar- 
where the modal expansion and estimate of the potential vorticity flux discussed in appendix B is used in the first line, an estimate of potential vorticity (͗Q 1 ͘ Ӎ 2 ͗⌿ 1 ͘) at scales K K is used in the second line, and the estimate ϳ is used in the third line.
Ϫ1
⌿Ј VЈK
The rhs can be estimated from the mean potential vorticity gradient ‫ץ‬ /‫ץ‬y ϭ ␤ Ϫ 2 in the strongly q U unstable limit (␤ K 2 ), and assuming a diffusivity U given by the length and velocity scales of the energy containing eddies, D Ӎ ͗ ͘ . The rhs is then (3.14) 0 0 ‫ץ‬y Comparing (3.13) and (3.14), one finds ͗VЈ͘ ϳ U.
The results of HL are recovered when (3.15) is substituted into the scaling relations (3.11) (apart from the nondimensional constants which we have included). In this case the effective eddy diffusivity is D ϳ 3 3 / U ␤ 2 , where D is defined in (3.12).
b. Including another length scale
One can alternatively estimate V 1 as follows. The present derivation is similar to the derivation of the relation between the rms barotropic velocity variance and the spectral flux (3.9). At scales much larger than the deformation scale, the total baroclinic energy density E 1 Ӎ 2 | ⌿ 1 | 2 ϭ A 1 , where A 1 is the available potential energy. The baroclinic kinetic energy is then
2 )E 1 for K K , or specifically, using the passive scalar spectrum (3.4),
where ⑀ ϵ ⑀ 0 ϭ ⑀ 1 . On scales K k , one reverts to either a K Ϫ3 spectrum, now because small-scale baroclinic enstrophy behaves as in two-dimensional turbulence and cascades downscale, or, if there is some stirring at much smaller scales, a K Ϫ5/3 spectrum up to the deformation scale. In either case, these arguments imply a peak in baroclinic kinetic energy near K ϳ . This is a generalization to the forced-dissipative case of the result found in SV, and is roughly consistent with observations (Stammer 1997 ) that show a correlation of surface eddy scales to the local first radius of deformation.
By definition,
where ⌬ is the range of wavenumbers over which baroclinic energy is significant. Using (3.16) and the scaling relations (3.11) one finds
(3.18) Larichev and Held (1995) argue that, when no other length scale exists, ⌬ Ӎ K 0 , in which case, using the expression for K 0 in (3.11), one is left with turbulent diffusion,
Using (3.19) in (3.11) gives us
is the eddy timescale and ␥ ϭ 2C 1 ␣ 4/3 . Equations (3.20) are the predictions of HL (apart from the nondimensional constants). Assuming, on the other hand, that the spectral width ⌬ of the barotropic velocity variance is independent of the scale K 0 itself, and substituting (3.18) into the scalings (3.11) yields
In either case (and as pointed out for the former by HL) the eddy timescale is a function only of the mean flowchanges in the strength and diffusivity of the eddy flow are due to the change in length scale, which results from the inverse cascade. Note that we have retained nondimensional constants due to their expected nonnegligible magnitudes-using C 0 ϭ 5.58 (Maltrud and Vallis 1991) and C 1 ϭ 0.29 (Lesieur and Herring 1985) , one finds that ␣ ϭ 68.5 and ␥ ϭ 163. Ultimately, however, we will regard the product ␥⌬ and ␥ itself as adjustable parameters. The parameter ⌬ should be regarded as an undetermined addition to the turbulent diffusion theory.
Simulations of stratified flow with first baroclinic mode forcing
As claimed earlier, the two-mode simplification is relevant when the mean zonal shear in the fully stratified case projects primarily onto the first baroclinic mode. In this case, so long as the streamfunctions describing the higher modes remain relatively weak (which is expected since they are only forced by any residual upmode cascade), eddy energy generation will involve only the first baroclinic mode.
In order to test the scalings (3.22) and (3.20), we use a stratified, horizontally spectral quasigeostrophic homogeneous turbulence model, forced by baroclinic instability of a mean zonal shear, and with profiles of stratification and shear that are in general nonconstant with depth. The enstrophy cascade is absorbed by a ٌ 8 hyperviscosity and energy is dissipated by a linear drag in the bottom layer, thus referring to (2.1), the dissipation function used is
1) where in all cases is set adaptively (using the rms vorticity and truncation wavenumber to give time and length scales, respectively-numerical details may be found in SV). The horizontal model dimensions are 2 ϫ 2 so that wavenumber 1 fills the domain. Time is scaled as L /U, where L ϭ L/(2), L is the physical domain size and U is a typical flow velocity. Thus the Coriolis gradient ␤ ϭ ␤ * L 2 /U and deformation wavenumbers ϭ * /L (star-subscripted quantities are dimensional).
The following integrations used five layers and 256 2 equivalent horizontal grid points (truncation wavenumber K max ϭ 127). The first baroclinic deformation wavenumber is held constant at 1 ϭ 35, which allows a significant inverse cascade, giving us room to vary the stopping scale, , over a range of values. 1 While the
Note that the radius of deformation is set primarily by fixed physical parameters (H 0 , g, 0 , f 0 , ), but also by the structure of the ⌬ density profile (see SV). In the spectral model, the deformation wavenumber is scaled by the size of the domain such that modes with wavenumber 1 fit exactly in the domain. Hence in order to keep 1 the same when different vertical density profiles are used, we in essence change the domain scale appropriately. In this way, a constant spectral range is maintained.
higher baroclinic deformation wavenumbers vary depending upon the stratification, in the present simulations even the smallest deformation scale is resolved (the scales for the two stratification types are given below). Each run is forced with a mean zonal shear that projects exactly onto the first baroclinic mode with modal coefficient ϭ 1 . For both uniform and surface U U intensified stratification, the parameters and ␤ are U varied over a range of values. We also discuss sequences of lower resolution simulations in which the stratification scale depth and the bottom drag are systematically varied.
In all simulations described in this paper, the mean flow parameters are chosen such that the stopping scale ranges from a value just smaller than the domain size to just larger than the first deformation scale; in other words, such that the flow varies from weakly to strongly unstable. A measure of the instability of the mean flow is the supercriticality, which, if a single mode m is forced, is written m ␤ Ϫ1 -the supercriticality for all 2 U m runs discussed varies from about 2 to about 10.
Simulations with nonuniform stratification use an exponential profile for potential density
where ⌬ ϵ ( bottom Ϫ top )/ 0 is the fractional change in density over the depth of the ocean, ␦ is the fractional scale depth, and is the fractional depth coordinate, z defined as ϵ z/H. In this section, all runs with nonz uniform stratification use ␦ ϭ 0.15, which corresponds to an idealized thermocline-like stratification intended to be representative of the midlatitude oceans. For uniform stratification, the deformation wavenumbers are 1 ϭ 35.0, 2 ϭ 65.0, 3 ϭ 89.5, 4 ϭ 105, and in the nonuniform case they are 1 ϭ 35.0, 2 ϭ 71.5, 3 ϭ 102, 4 ϭ 108. All runs presented in the first two subsections used a bottom drag coefficient of r ϭ 0.2, which is small compared to 1 1 for typical values used in U these runs ( 1 ϭ 35 and Ӎ 0.1). The shear and density U profiles used for the present simulations are shown in Fig. 1 .
a. Sensitivity to mean shear magnitude
The results from the first set of simulations, in which the imposed mean shear is varied systematically, are U presented in Fig. 2 . In each of the four panels is a different statistic for the same set of runs, while each data point in a given panel represents the value of that statistic averaged in time and horizontal space during the steady-state phase for a given run. Circles represent runs with uniform stratification and asterisks represent those with exponential stratification (␦ ϭ 0.15). All of these runs were performed with fixed ␤ ϭ 50, and the values of shear used ranged ∈ (0.08, 0.21). A measure U of the instability of the flow is the supercriticality ␤ Ϫ1 , which ranged from 2.0 to 5.1. The total rms 2 U 1 barotropic eddy velocity Ṽ 0 (averaged horizontally and The solid lines in Fig. 2 represent the scaling predictions based on the constant ⌬ theory (3.22) with ␥⌬ ϭ 32.1. This value was chosen as the best fit of theory (constrained to have the slope predicted by the scaling) to the rms barotropic eddy velocity (upper left panel of Fig. 2 ) for the uniform stratification cases (circles). The same value of ␥⌬ is used for the other three statistics as well (displayed in the other three panels in Fig. 2 ). The dotted line is the turbulent diffusion prediction of (3.20), with ␥ ϭ 5.7. Again, this is the best fit of said theory to the rms barotropic velocity in the case of uniform stratification. Now formally the ␥ in each case are functions of the same nondimensional Kolmogorov constants [see text following Eq. (3.22)], and ␥ should have a value near 163, but in both theories the ␥ factor arises from the considerable assumptions that motivated the integral in (3.17) used to determine the baroclinic rms eddy velocity in the neighborhood of the barotropic mixing scale. So, in some sense, these values are scaling factors for V 1 for which we have given an estimate, but which we ultimately choose to fit the simulation results. Regardless of their values, we have also propagated the ␥ factors through the scaling relations (3.11) (in which V 1 was not yet specified), and if the fit to one statistic yields a value that fits the other statistics with some accuracy as well, we can assume at least that the scaling of V 1 was crucial to the underlying theory (for either turbulent diffusion or the constant ⌬ theory).
The dashed line represents the constant ⌬ theory modified for nonuniform stratification and, hence, if the modification is valid, should fit the asterisks. Again, the same value of (␥⌬) is used for the dashed lines in each panel. How the dashed line is derived and calculated will be explained in subsection c.
The theories developed in the previous section hinged upon predictions of the rms baroclinic eddy velocity in the neighborhood of K 0 . We do not plot this quantity, however, because consistent determination thereof is ambiguous (we do not know ⌬). Instead, in the upper right hand panel of Fig. 2 we plot the total baroclinic variance, Ṽ 1 ϭ ͗ ͘, which we obtain in the same way VЈ 1 as Ṽ 0 . Predictions for Ṽ 1 are obtained by integrating the theoretical baroclinic kinetic energy (3.16) over the relevant part of the spectrum and using the respective scaling estimates for the turbulent diffusion (3.20) and constant ⌬ (3.22) scaling theories to close the equation and solve for Ṽ 1 . In particular, the baroclinic kinetic energy spectrum (3.16) is valid for the inertial energy range VOLUME 32 ). The dashed line shows the latter theory modified for the effects of the stratification, as per (4.6) and (4.8). Theory for total baroclinic velocity variance is given by (4.4) and (4.5). Since the baroclinic velocity variance does not, and is not expected to vary with stratification scale depth, there is no dashed line in the upper right panel.
and should hold at most up to the deformation scaleat higher wavenumbers the spectrum drops off sharply, and one can make the estimate In plotting the above estimates we used C 1 ϭ 0.3 and ␣ ϭ 68.5. The results for Ṽ 1 do not clearly select between the proposed theories, yet when folded into the predictions for the barotropic velocity Ṽ 0 , the generation rate g, and the stopping scale K 0 , we find that the simulations, at least in this first set of runs, support the constant ⌬ predictions (3.22). While the offset in the prediction was chosen as the best fit, Ṽ 0 varies very nearly like 4 in slope. Furthermore, the slopes of g and K 0 fall U near those predicted by (3.22) as well. In magnitude, the propagation of the fits for ␥⌬ for (3.22) and ␥ for (3.20) have placed the theoretical fits for Ṽ 1 and g very close to the results for both theories. The predictions for K 0 are less accurate, but there is also more margin for error in the determination thereof from the simulation results. In all, the results support the importance of proper scaling of V 1 .
We also show a set of spectra for two of the simulations, one with uniform and the other with surfaceintensified stratification, in Fig. 3 . Notably, the quali-
3. Spectra of barotropic kinetic energy (solid), first baroclinic kinetic energy (dashed), first baroclinic available potential energy (dash-dotted) and eddy generation rate (dotted): (top) spectra from a uniform stratification run in which the first baroclinic mode is forced ( 1 ϭ 0.12) and U (bottom) the same set of spectra for a similar run, but with surface intensified stratification (␦ ϭ 0.15) and 1 ϭ 0.17. Also shown are expected slopes for barotropic kinetic and available potential U energy (K Ϫ5/3 ), and for baroclinic kinetic energy (K 1/3 ). The energies of modes not displayed are all at least one order of magnitude smaller than those shown.
tative structure of the two sets of spectra are more alike than not. In both cases we find that the available potential energy (in the first baroclinic mode) and generation rate have spectra close to K Ϫ5/3 , while the barotropic kinetic energy is much steeper with a slope close to K Ϫ3 . Of these, only the potential energy spectral slope is as expected; in our scaling we assumed implicitly that the generation rate was localized at the mixing scale and that the barotropic kinetic energy possessed a K Ϫ5/3 slope. These two variations from our expectations are most probably related: the spectral width of the generation implies a nonconstant inertial range flux (probably accompanied by a spectrally wide transfer between baroclinic and barotropic modes), which is sufficient to alter the slope of the up-scale cascade in the barotropic mode. The first baroclinic kinetic energies in both cases, on the other hand, have slopes close to K 1/3 , as predicted. One should also note that in both cases the baroclinic kinetic energy spectra have peaks near the first baroclinic deformation scale. The energies of modes not VOLUME 32 displayed in the figure are all orders of magnitude smaller than those shown.
As for differences between the two cases due to stratification effects, one finds cleaner inertial range slopes in the surface-intensified case, and a sharper peak of barotropic energy at the mixing scale. Differences in overall energy levels will be discussed in the next section (but note that magnitude of the mean shear for the two cases presented is not the same, so differences in energy levels between these two plots cannot be interpreted as due to differences in stratification depth ␦).
b. Sensitivity to ␤
In Fig. 4 we show the results from a set of simulations similar to those discussed in the previous subsection, except in this case ␤ is varied while the mean zonal shear is held constant at ϭ 0.12 for the uniform U stratification case and ϭ 0.1 for the surface-inten-U sified case. These are central values from the ranges used in the constant ␤ simulations (accidentally, there was no common central value of in those runs, but U this does not affect any of our arguments). The Coriolis gradient ␤ was varied from 22 to 90, implying supercriticalities, ␤ Ϫ1 , which ranged from 1.4 to 6.7. The 2 U 1 results in this case are broadly similar to those of the constant ␤ simulations. Note that the choices for the fit parameters ␥ and ␥⌬ were not changed from those chosen from the first set of runs. Notably, the variation in the predicted slopes for Ṽ 1 differ more with ␤ than with and, at least in the small ␤ (strongly unstable) regime, U the simulation results fall very close to the slope predicted by the constant ⌬ scaling.
c. Sensitivity to stratification scale depth
Figures 2 and 4 both demonstrate that the power law slopes of the steady-state statistics are nearly the same for the two stratification profiles considered, but also show that the barotropic energy is lower in the nonuniform stratification case than in the uniform case. The main difference between a system with uniform and nonuniform stratification is the presence of baroclinic self-advection in the latter (Fu and Flierl 1980; SV) , which formally weakens the passive scalar analogy to baroclinic flow. Considering the two-mode equations written in the form (3.1), any difference in the dynamics between systems with uniform and nonuniform strati- (2␦) 1/4 for the baroclinic velocity scale. The slopes for the eddy generation rate and stopping scale are derived from the former two, and correspond to (2␦) 7/8 and (2␦) Ϫ1/2 , respectively. fication must be due to the terms multiplied by the interaction coefficient , and the two such terms present always appear in sum as ϩ . Because is O(1) ⌿Ј ⌿Ј 0 1 (its largest value for any interaction in any of the simulations considered in this paper does not exceed 3), only at scales
multiplied by be important. An a posteriori analysis confirms that this is only true at scales of order or smaller than the deformation scale. One can find evidence for this claim in Fig. 3 . The available potential energy in the first baroclinic mode is A 1 ϭ 2 | ⌿ 1 | 2 /2 while the barotropic kinetic energy is T 0 ϭ K 2 | ⌿ 0 | 2 /2. Therefore 0 Ӎ and 1 Ӎ . At large scale,
The scaling arguments, then, which rely upon the treatment of the baroclinic mode as a passive scalar at large scale, should (and do) apply independent of stratification type. Nevertheless, processes occurring near the deformation scale affect the transfers between modes, and the degree to which the terms (which may be significant at these scales) affect transfers in the forced-dissipative dynamics is not obvious. A series of simulations was performed in which the scale depth ␦ was varied while holding the other parameters fixed. Results are shown in Fig. 5 . We find that the barotropic eddy velocity scale varies as Ṽ 0 ϰ ␦ (see figure) while the baroclinic eddy velocity is relatively insensitive to the scale-depth (varying as Ṽ 1 ϰ ␦ 1/4 ). SV showed that the baroclinic self-interaction coefficient [see (3.1)] ϰ ␦ Ϫ1/2 , where ␦ is the scale depth of the stratification. However, we have no definitive scaling analysis that explains the quantitative statistical dependence upon ␦ observed in the present case, so we accept the observed dependence as an empirical scaling law. In qualitative terms, one can infer from the results that the stratification terms [those multiplied by in (3.1)] act to inhibit transfers to the barotropic mode, thus lowering the barotropic eddy energy level, which in turn reduces the eddy generation rate by just the amount necessary to keep the baroclinic kinetic energy level nearly constant. The empirical dependence of Ṽ 0 and Ṽ 1 on ␦ can be used to modify the scalings (3.11), thereby allowing us to glean the concurrent dependence of the stopping scale and generation rate on ␦. In Fig. 5 we observe that
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where Ṽ 0,␦ and Ṽ 1,␦ are the rms velocity scales for simulations in which the stratification is nonuniform (with scale-depth ␦), and we assume that Ṽ 0 is given in (3.11a). Since the stopping scale K 0 is given by (3.5) and the generation rate g by (3.8), we can again use (4.6) and (4.7) to write
[We have been imprecise by using a fit for Ṽ 1 in the place of V 1 where it appears in (3.8), but the result is ultimately empirical, so more care is not necessary.] The dashed lines in Figs. 2 and 4 were calculated by using the expression for Ṽ 0 (3.22a) in (4.6) and (4.8).
d. Sensitivity to bottom drag
The heuristic picture adopted assumes that ␤ halts the cascade and that, although bottom drag must ultimately dissipate the energy fluxing through the system, it does not affect the halting scale of the inverse cascade (see appendix A). That this should be so is not obvious, and in this section a set of runs is described in which all other parameters are held fixed while the bottom drag is varied. In the theory developed so far, no dependencies upon the bottom drag r have been suggested, despite that it is the primary mechanism by which energy is removed from the system. Figure 6 demonstrates that there is, in fact, a dependence of the eddy statistics on
bottom drag, but that this dependence is weak. The baroclinic eddy velocities are nearly insensitive to drag and the most sensitive dependence is in the barotropic eddy velocity, which scales as Ṽ 0 ϳ r Ϫ1/2 -still weak compared to the dependence on ␤ and found in sections U 4a and 4b.
It should be pointed out that all of the values considered (in the range r ∈ [0.1, 1]) are in a ''small drag'' regime-specifically as compared to typical values of the inverse eddy timescale ϭ . This, however,
Ϫ1
T U e is likely the relevant range for oceanic applications, in which typical inverse spindown times are of order r ϭ 10 Ϫ6 -10 Ϫ7 s Ϫ1 . Estimating ϳ 0.1 m s Ϫ1 and ϳ 2/ U (100 km), indeed r K , and the small drag range is Ϫ1 T e appropriate.
e. A test of the passive scalar approximation to baroclinic flow
In this last subsection we discuss a set of simulations designed to investigate the passive scalar approximation to baroclinic dynamics. A set of two-layer simulations was performed with the addition of a concurrently integrated passive scalar advected by the barotropic mode and forced by a mean gradient. Specifically, we integrated
where ϭ (x, y, t) is the passive scalar and is the U baroclinic mean shear that forces the flow. In essence (4.9) is just (3.2)-the expected form of the baroclinic mode in the two-mode case at large scale. Four simulations were performed between which the mean shear was varied. Each of the simulations used the values ϭ 50, ␤ ϭ 50, and r ϭ 0.2, while the mean shear U was given the values ϭ 0.07, 0.1, 0.12, 0.14, cor-U responding to supercriticalities ␤ Ϫ1 ϭ 3.5, 5.0, 6.0, 2 U 1 7.0. In Fig. 7 the baroclinic kinetic energy spectra for each run are plotted along with the analogous ''tracer kinetic energy,'' K 2 | | 2 . At large scale the two spectra are nearly identical, and in particular the values of the spectra at the barotropic stopping wavenumber K 0 (which is different for each simulation) are nearly the same for both fields. In the lower panel of Fig. 7 the statistic V ϭ [2 | | 2 ] 1/2 (analogous to the mixing-2 K 0 K 0 scale baroclinic rms eddy velocity V 1 ) is plotted as a function of , alongside lines whose slopes correspond U to the predictions of turbulent diffusion (V ϰ ) and U constant ⌬(V ϰ 3 ). U At the smaller values of , that is, in the more weakly U unstable simulations, the behavior is perhaps best described by turbulent diffusion, while in the more strongly unstable simulations it clearly is not. These results imply that even strict scalar dynamics, when stirred by finite resolution, ␤-halted barotropic flow, do not conform to the behavior expected from turbulent diffusion. Thus the divergence from turbulent diffusive behavior seen in the more complex five-layer simulations described in the previous subsections need be related neither to the presence of higher baroclinic modes nor to the presence of baroclinic self-advection terms resulting from nonuniform stratification. Rather, either finite resolution or the geometric effect of ␤ may be responsible for the deviation from classical diffusive behavior.
A possible explanation follows. As the forcing becomes stronger, the energetic peak moves closer to the domain scale, leaving less room for the peak to spread in width, thus fixing ⌬. On the other hand, as the forcing becomes weaker, the peak moves closer to the deformation scale, reducing or removing the inertial range upon which the diffusive arguments rely. This explanation is consistent with results from simulations in which only the third baroclinic mode is forced (to be discussed in section 6)-in this case, the relevant deformation scale is much smaller, leaving a significant spectral range within which to vary the stopping scale without approaching the domain scale. Classic turbulent diffusive behavior is, indeed, observed when only higher baroclinic modes are forced.
Steady-state statistics and vertical structure in the fully stratified case
When the mean shear primarily reflects the first baroclinic mode, the two-mode limit seems to provide a semiquantitative description of the fully stratified system. However, the structure of the mean shear need not project only onto the first baroclinic mode, and we would like to understand the dynamics of the case with arbitrary vertical shear.
a. Eddy statistics with arbitrary shear
The theoretical ideas of section 3 can be applied to the general case. From appendix B one has an expression for the eddy generation due to arbitrary shear Conceptually, generation of baroclinic eddy energy will occur in those vertical modes onto which the shear projects, and at a horizontal scale where the barotropic energy accumulates (since generation is still driven by correlations with the barotropic streamfunction). In a given mode m, baroclinic kinetic energy will cascade downscale (by analogy with a passive tracer for that mode) until it reaches that mode's deformation wavenumber, m . At small horizontal scales, energy cascades, as in two-dimensional turbulence, upscale. Thus we expect energy in mode m to move toward its respective deformation scale. SV demonstrated that such energy then cascades either directly into the barotropic mode (in the uniformly stratified case) or to the first baroclinic mode (in the nonuniformly stratified case), where it then cascades toward the first baroclinic deformation scale, and finally into the barotropic mode. The barotropic eddy scales are then controlled (in the zonal flow, smalldrag limits considered in this paper) by ␤, and the energy is ultimately removed by drag. Schema of this conceptual picture are shown in Fig. 8 . Quantitatively, the arguments that led to the Rhines scale (3.5) and the relation between the spectral flux and rms barotropic velocity (3.9) are valid in the fully stratified case if in the two-mode case, hence using (5.1) one can solve for the rms barotropic velocity (Ṽ 0 ), the stopping scale (K 0 ), and the eddy generation rate (g) now in terms of the rms baroclinic eddy velocities for each mode in the neighborhood of the barotropic energy containing scale (͗ ͘ ϵ Ṽ m ). The results are The energy is then, approximately, transferred (⑀ m ) downscale first to the deformation wavenumber of that mode, and then to the barotropic mode. Lower panel: a similar schematic for a system with surfaceintensified stratification. In fact, in both cases transfers from higher modes are not as localized in horizontal wavenumber as is drawn, and there is significant transfer to the graver vertical modes at wavenumbers lower than the deformation wavenumber of the higher vertical mode.
is the squared inverse eddy timescale for the fully stratified system [compare to in (3.21) ].
Ϫ2
T e One is again left with the problem of estimating the baroclinic eddy velocities Ṽ m , but the problem is now more complicated. The difficulty in proceeding, as in the two-mode case, by integrating presumed spectra for the baroclinic eddy kinetic energies is the lack of advance estimates for the individual baroclinic spectral fluxes ⑀ m or generation rates g m . One might suppose that the individual terms in the sum over modes in the expression for g (5.1) could be used, but this leads to a degenerate result. Hence for the higher mode scaling, at least when more than one mode is forced, we make the assumption of classic turbulent diffusion, in which case one can say simply Ṽ m Ӎ a m , where a is an U undetermined proportionality constant [in terms of (3.20), a ϭ ␥/␣], so that
This expression for the eddy timescale is the modal equivalent to Eq. (27) of HL (apart from the factor a).
We have not explicitly included any scaling dependence upon the stratification scale thickness ␦. One could proceed again using the semiempirical results of section 4c as in (4.6) and (4.8), but given the growing number of assumptions in the present, more complex case, this may be premature.
b. Vertical structure of the horizontal eddy potential vorticity flux
The theory for the energy levels and horizontal scales of eddies is not sufficient to explain the vertical structure of eddy fluxes. Specifically one must also specify the vertical structure of , and to this end we now conЈqЈ sider the potential vorticity flux in terms of vertical modes.
First notice that the potential vorticity flux is given by the divergence of the Eliassen-Palm flux vector
where the zonal divergence of momentum term does not appear since we are considering the horizontally homogeneous limit. Since we further assume a rigid lid and flat bottom, there are no surface buoyancy fluxes, and thus we have the constraint
Note that in the transformed Eulerian mean, the above meridional eddy potential vorticity flux is a forcing term to the mean zonal momentum, hence the constraint (5.6) is necessary in order for momentum to be conserved. Representing the fields in terms of vertical modes, the meridional flux of potential vorticity is given by The arguments and derivations in appendix B lead us to conclude that the dominant contribution to this is given by
The scaling relations derived in the previous section can now be used to estimate this flux. Proceeding in the manner that led to the estimate of the eddy generation rate (3. 
where T e is given by (5.4). Combining (5.8) and (5.9) gives
where D ϭ ␣ 3/2 a ␤ Ϫ2 is the predicted diffusivity and
where (2.4) and (2.12) have been used. In the strongly unstable limit (␤ K m , ∀m Ͼ 0), the mean potential 2 U m vorticity gradient ‫ץ‬ /‫ץ‬y Ӎ S(z). Thus, we have downq gradient flux of eddy potential vorticity in the limit of small ␤. Equation (5.10) specifies an eddy parameterization, applicable in the limits of highly unstable flow and negligible momentum transport (consistent with the horizontally homogeneous limit). The suggested parameterization has the advantageous property that (5.6) is automatically satisfied independent of the choice of scaling parameters since (5.8) is a linear sum of modes, each of which vanishes independently upon integration in z. Green (1970) and White and Green (1984) presented an eddy parameterization scheme in which integrated momentum is ensured by specifying the vertical structure of the eddy transport (Austauch) coefficients in a particular way. In our scheme the required conservation properties fall out naturally, although we do not consider momentum transport. Also, the present theory does not include the effects of surface buoyancy fluxes, which add a nonzero term to the right-hand side of (5.6).
Simulations with higher baroclinic mode forcing a. Forcing a single higher mode
We now consider a set of cases in which the mean zonal shear projects onto a single higher (m Ͼ 1) baroclinic mode. In particular we will describe 5 layer by 256 2 equivalent horizontal gridpoint simulations in which (z) projects exactly onto the third baroclinic U mode, that is, such that m ϭ 0, ∀ m 3. The single U nonzero component ( 3 ) is varied systematically to in-U vestigate the eddy statistics. We use the same vertical structure as in the nonuniform stratification runs described in section 4, exponential with scale depth ␦ ϭ 0.15 and 1 ϭ 35. The higher mode deformation wavenumbers are thus 2 ϭ 71.5, 3 ϭ 102, and 4 ϭ 108.
In the spectral calculation we resolve motions up to wavenumber K max ϭ 127, thus capturing all deformation wavenumbers. The bottom drag is set to r ϭ 0.4 for these runs, and ␤ ϭ 50. The values of shear used were 3 ϭ 0.01 to 0.05, corresponding to supercriticalities U 3 ␤ Ϫ1 ϭ 2.1 to 10.4.
The same set of statistics plotted for the case in which the first baroclinic mode was forced are plotted for the present sequence of simulations in Fig. 9 . The two theory lines represent (3.22) and (3.20) with ϭ 3 , U U ϭ 3 . Again, the same fit parameter derived for the statistics shown in Fig. 2 is used. The striking result is that, in contrast to the cases in which the first mode was forced, the turbulent diffusion assumption now seems to describe the data with greater accuracy than the constant ⌬ theory. One possible explanation is the following: each higher mode has a successively smaller baroclinic deformation scale so that motions near the barotropic halting scale K 0 increasingly (with higher mode m) satisfy the condition K 0 K m , necessary in order to make the passive scalar analogy for motions in mode m (see discussion at the end of section 4e).
In Fig. 10 we show the spectra of kinetic energy for each mode in the central run of the sequence ( 3 ϭ U 0.03). One can see that the barotropic mode energy dominates, but also that, despite the forcing of the third baroclinic mode, the bulk of the baroclinic kinetic energy lies in the first baroclinic mode, in accord with the expectations of SV. While this prominence of the first baroclinic mode was foretold, the qualitative picture described in SV gives no guidance in quantitatively modifying the scaling theories to include said effect. The spectral slopes of the barotropic kinetic, first baroclinic potential (not shown) energy, as well as for the kinetic energy of the forced baroclinic mode, are similar to those in Fig. 3 (where the forced mode is the first mode in that figure and the third mode in the present case).
We shall also consider the magnitude and vertical structure of potential vorticity fluxes for these five simulations. Assuming that a single higher mode m is forced and that baroclinic eddy velocities are given by (3.20d), the potential vorticity flux (5.10) becomes
In the top panel of Fig. 11 we show (z) from one ЈqЈ of the simulations ( 3 ϭ 0.03, the same simulation as U that for which the spectra are shown in Fig. 10 ) along side the prediction from (6.1), but multiplied by 3 in order to fit the simulation in magnitude. Note that the shape of the theory curve is thus exactly that of the third baroclinic mode 3 (z). The maxima for all five simulations are plotted in the lower panel of Fig. 11 and compared to the prediction from (6.1), using, again, the same fit parameter ␥ derived for the first set of simulations discussed. Also shown in theory multiplied by 3, which yields a better fit to the results. In all cases the theory seems to do reasonably well in predicting the structure and scaling of the fluxes [despite that we have not accounted for the extra energy in the (unforced) first baroclinic mode], but underpredicts the magnitude by a factor of 3.
b. Forcing with realistic shear
In order to test the full theory, we performed a simulation with 15 layers, 256 2 equivalent horizontal grid points, and semirealistic profiles of stratification and mean zonal shear to statistical steady state. The profiles, shown in Fig. 12 , are are slightly smoothed interpolations from the shear and potential density profiles generated by a primitive equation simulation of the North Atlantic at some midlatitude location away from horizontal boundaries (the first few modes of the stratification are shown in Fig. 13 ). The density profile is no longer a simple exponential form and the mean shear does not project onto any one mode alone. As with the other simulations, ␤ ϭ 50 and r ϭ 0. versus mode m on a log scale. Also shown are the projections of the mean shear onto the modes ( m ), mul-U tiplied by a scale factor (a ϭ 0.25). The degree to which these two coincide represents the degree to which higher mode baroclinic potential vorticities can be described as being turbulently diffused by the barotropic flow. One should note in particular the variations from this fit for the first few modes, which are likely the most important. Note especially that the V 1 /V 2 Ͼ 1 / 2 , while V 2 /V 3 U U Ӎ 2 / 3 , consistent with the expectation of extra en-U U ergy in the first baroclinic mode.
In Fig. 15 we plot (z) with depth along with a ЈqЈ curve whose shape is that of (5.10), but whose magnitude has been rescaled to fit the results. Specifically, we discard the nondimensional factors in the theory and plot
The shape of the flux is, notably, not captured by any single mode (compare with curves in Fig. 13 ). In an eddy parameterization scheme, one should expect an overall nondimensional tuning factor to be determined empirically. The results for cases with single mode forc- Fig. 9 (asterisks), and theoretical prediction for curve from (6.1) multiplied by a scale factor 3 (line). Lower panel: Maxima of meridional eddy potential vorticity flux vs supercriticality for same sequence of simulations (asterisks), and theoretical prediction for maxima from (6.1) (solid line), and same predictions multiplied by 3 (dashed line).
ing imply that this scaling factor for the diffusivity is independent of the flow, but an ensemble of runs similar to the present 15-layer run would need to be performed in order to verify that this remains true for more complicated mean flows.
In Fig. 16 we show the barotropic and first baroclinic kinetic energy spectra, along with the surface projection of the latter. As discussed in SV01 and pointed out by Wunsch (1997) , surface-intensified stratification leads to surface-intensified baroclinic modes, and a consequent relative overrepresentation of baroclinic energy in the surface signal, possibly explaining part of the observed correlation of surface eddy scales with the first deformation scale.
Conclusions
We have focused here on the application of turbulence scaling theory to the statistics of eddies, such as those in the midlatitude oceans, forced by baroclinic instability of arbitrary zonal shears embedded in surfaceintensified stratification. We find that one can, in the strongly unstable limit, predict the energy levels, scales, and structure of eddies as functions of the mean state, even when the mean state is rather complex.
The theory discussed builds on that of HL, which was derived based on a system with two equal-thickness layers (uniform stratification) and homogeneous flow. As it turns out, the relationships between the equilibrated statistics and mean flow parameters obey the same power laws in both uniformly and nonuniformly stratified cases when only the first baroclinic mode is forced. The lack of distinction between uniform and nonuniform stratification in the slopes of the statistics does not mean that the flow is unaffected by stratification. Rather, we find that the ratio of barotropic to baroclinic energy is reduced as the mean density profile is made increasingly surface intensified, yielding increasingly baroclinic flows in the presence of a strong pycnocline.
Although the power laws observed are independent of stratification scale depth, they are also different than those predicted by HL for the cases in which only the first baroclinic mode is forced. Held and Larichev assume that downgradient diffusion of potential vorticity implies that baroclinic velocity variances are proportional to the mean baroclinic shear. In fact, this scaling is not observed in the first mode forcing cases, despite that potential vorticity is diffused downgradient. A mod- ification was proposed that gives the correct scalings, but introduces an undetermined length scale. The scaling of the baroclinic velocity is related to the treatment of the baroclinic streamfunction as a passive scalar. Tests in which a true passive scalar is advected by the barotropic mode of an unstable two-layer flow demonstrate that the underlying cause of the revised scaling is present even in that simpler case. We expect that the undetermined length scale is related to the finite domain size in the simulations.
That finite domain size modifications to turbulent diffusion might cause the deviant scaling of the passive scalar flux is consistent with the observation that when only higher baroclinic modes are forced, the baroclinic velocity variance does scale like the mean baroclinic shear for that forced mode. Hence ultimately, we expect that this scaling is appropriate for baroclinic dynamics in the ocean, at least in regions of strongly unstable flow.
As in SV, our exploration of the fully stratified case takes advantage of the modal viewpoint, for various reasons. Foremost, in the homogeneous limit, the vertical structure of the turbulent dynamics is sensitive to scale, just as is the horizontal structure. We can, in some sense, ''diagonalize'' the inhomogeneous nature of the stratification and shear through the choice of stationary basis functions, the vertical modes of the stratification. One can only use these modes in the limit of slowly varying mean stratification and shear, but this is likely a reasonable approximation for the extratropical midocean. The formal analogy between energy in baroclinic modes and passive scalar dynamics provides a second motivation for considering the modal projections of the motion. Moreover, each mode possesses a well-defined scale (its deformation scale) at which energy in that mode will tend to concentrate and at which transfers to lower modes occur.
The potential vorticity flux form (5.10) could form the basis for an eddy parameterization scheme in coarse VOLUME 32 resolution ocean models, with the advantage that its vertical structure is specified in a manner that is simple to calculate and that identically satisfies the imposed constraint that it vanish upon integration. [Wardle and Marshall (2000) , for example, describe a possible method by which a potential vorticity diffusion closure could be incorporated into primitive equation ocean models, which in general do not prognose potential vorticity.] The formalism derived can straightforwardly be extended to nonzonal flows, using the ideas of Spall (2000) , and possibly to include the effects of small-scale topographic roughness. Operationally, one could either periodically solve an eigenvalue problem for the stratification in a grid box to find the local neutral modes and deformation scales or calculate the shear and depthdependent Richardson number. In as much as the mean state is slowly varying, either would be done rather infrequently.
The proposed eddy flux theory also has some shortcomings. Momentum transfer is neglected, which may be important in the presence of horizontal inhomogeneity or strong barotropic shear; neither nonzonal effects nor surface buoyancy fluxes are accounted for; the reliance upon fixed vertical modes and quasigeostrophic dynamics precludes the ability to represent the effects on eddies of large-scale topography or strongly sloping isopycnals. At a more general level, the theory (like most diffusive theories) is local, in that the eddy transport is to be determined by the local properties of the background state, thus neglecting the possibly significant effects of eddy transport away from the location of eddy generation. Each of these missing effects is important in some area of the ocean. Nevertheless, given the scale separation between deformation-scale and basin-scale flow in the ocean, and given that eddy energy is so much larger than the energy of the time-mean flow, we feel that homogeneous geostrophic turbulence is the natural starting place for a theory of the scales, equilibration, and transport properties of eddies in the ocean.
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APPENDIX A

Cascade Halting
In general, we will assume that the cascade is halted at a scale such that the dispersion relation for a competing process yields a faster timescale than that of the nonlinear interactions which beget the turbulent cascade. Regardless of the mechanism, we assume an eddy timescale where E(K) ϰ L 3 /T 2 is the spectral energy density at wavenumber K. We presume energy in the barotropic mode to behave as in two-dimensional turbulence, hence we expect E(K) ϭ C 0 ⑀ 2/3 K Ϫ5/3 , where ⑀ ϰ L 2 /T 3 is the spectral energy flux, which must be constant through the inertial range by definition thereof, and C 0 is the Kolmogorov constant (which we will neglect in the following discussion). Hence in terms of the spectral flux rate, the eddy time becomes In the present model, the only mechanisms available that might halt the cascade are bottom drag r and the Coriolis gradient ␤. As an illustration of how this theory can fail, consider first the possibility that the former might set the stopping scale. Following the general prescription (Rhines 1975; Vallis and Maltrud 1993 ; HL), we assume that the cascade of turbulent kinetic energy in the barotropic mode cannot efficiently continue when the eddy timescale becomes comparable to the timescale of a competing process. The relevant timescale is drag Ӎ r Ϫ1 , and setting this equal to (A.2) gives us an expression for the equilibrated eddy scale The damping timescale does not decrease sufficiently steeply at large scales, implying that linear drag cannot halt the cascade.
Nevertheless, tests with two equal depth layers and ␤ ϭ 0 (much like those of Larichev and Held 1995) demonstrate that bottom drag does halt the cascade, though only with much larger values than those used with any simulation in this paper (i.e., values that are no longer small compared to in 3.21).
Ϫ1
T e By contrast, we can use the same method to derive the ␤-halting scale. The Rossby wave period (ignoring anisotropy) is Rossby Ӎ K/␤-setting this equal to in (A.2) then yields Then, since mij is symmetric upon the interchange of two indices, the above terms cancel upon the full summation of (B.1), and we are left with The triple interaction coefficient also obeys the rela-
